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Abstract 

In an n dimensional vector space, any tensor which is antisymmetric in 
k > n arguments must vanish; this is a trivial consequence of the limited 
number of dimensions. However, when other possible properties of tensors, 
for example trace- freeness, are taken into account, such identities may be 
heavily disguised. Tensor identities of this kind were first considered by 
Lovelock, and later by Edgar and Ifoglund. 

In this paper we continue their work. We obtain dimensionally de- 
pendent identities for highly structured expressions of products of (2,2)- 
forms. For tensors possessing more symmetries, such as block symmetry 
Wabcd = Wcdab, OT the first Biauchl identity Wa[bcd] = 0, we derive iden- 
tities for less structured expressions. 

These identities are important tools when studying super-energy ten- 
sors, and, in turn, deriving identities for them. As an application we 
are able to show that the Bel-Robinson tensor, the super-energy tensor 
for the Weyl tensor, satisfies the equation TahcyT"-^""^ = jSyTabcdT"''""^ in 
four dimensions, irrespective of the signature of the space. 

PACS: 04.20.Cv 

1 Introduction 

The natural language for general relativity in four dimensions, and with a space 
having Lorentzian signature, is spinors The dimension and signature is 

built into the spinor formalism, and this is both its strength and its weakness. 
Many important relations are obvious or easy to derive in spinors, while their 
tensor counterparts are more difficult. 

However, if we want to go beyond four dimensions and/or use metrics with 
signatures other than Lorentzian, the tensor formalism is the usual choice at 
hand. So in these spaces other means to obtain such important relations have 
to be used. One method for deriving tensor relations that has proven useful is 
to exploit so called "dimensionally dependent identities" 3, 7 , 1 1 , ,12, . 

This method is built around the process of antisymmetrizing over more ar- 
guments than the number of dimensions of the space. It was first considered by 
David Lovelock in the late 1960's [111 I12j . when he drew attention to a set of 
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apparently unrelated tensor identities used in general relativity. He managed 
to show that they were all special cases of two basic identities, both having a 
very simple structure. Lovelock gave two theorems, and showed that they were 
consequences of the dimension alone. 

Lovelock's work has recently resurfaced and his theorems have been gener- 
alized by Edgar and Hoglund [7]- We will continue their work, and show how 
their ideas can be used in proving a set of relations for highly structured tensor 
expressions. 

Some of the four-dimensional results presented here are already known in 
the special case of a space with Lorentz signature, and are more or less trivial in 
the spinor formalism. However, by considering such relations in tensors instead, 
we are guided in the derivation of the corresponding tensor relations. This 
knowledge may then be used when trying to prove, or refute, the existence of 
analogous tensor relations in higher dimensions [H]. 

A wide class of tensors that have been shown to be significant in both four 
and higher dimensions are the super-energy tensors; see |14| and references 
therein. One example is the Bel- Robinson tensor T, which was originally con- 
structed in four dimensions as the super-energy tensor for the gravitational field. 
However, it has subsequently been used in, e.g., eleven dimensional supergravity 
theories 1^1 ■ 

In addition, Bergqvist |2] has shown that, in four dimensions, certain prop- 
erties of super-energy tensors are investigated more easily using the equivalent 
super-energy spinors. 

As an application of the identities we derive, we show how to obtain a 
quadratic identity for the Bel-Robinson tensor, 

7f-rahcx ^ ^xr-f ^abcd /-i \ 

abcy-l — -^Oylabcd^ (.J-J 

by purely tensorial means. 

In this paper we will make use of the abstract index notation as defined 
in We also introduce the convention that T is any tensor, without any 

specified trace or symmetry properties. U will always symbolize a trace-free 
(2,2) -form. That is, 

U'^bad=0 Uabcd ^ U[ab]cd ^ Uab[cd]- (2) 

V will be taken to be a block symmetric, trace-free (2,2)-form, hence 

V^bad — Vabcd — y[ab\cd — Kbfcd] Kbcd = Kdab- (3) 

Finally, W will stand for a Weyl candidate. A Weyl candidate is a four index 
tensor with all the algebraic properties of the Weyl tensor, and thus 

Wbad = Wabcd = W[ab]cd = Wab[cd] Wabcd = Wcdab Wa[bcd] = 0. (4) 

The last relation of Q is often referred to as the first Bianchi identity. Note 
that nothing is said about the differential properties of W. Note also that each 
class is a special case of the one before, and hence, results obtained for U will 
apply to both V and W etc. 

Their counterparts without the trace- free property will be represented by U , 

V and W respectively. 
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2 Basic quadratic identities 

In this section we will follow ^3] and adopt the convention that T-^ai denotes 
a tensor which, in addition to the free index ai, has an arbitrary free index 
configuration of upper and/or lower indices A. 
In an n-dimensional vector space, we have 

T\AlStl...Sl:l[^=0, (5) 

since the left hand side is antisymmetric in more indices than the dimension of 
the space. By taking more indices explicitly into the antisymmetrization we are 
able to obtain other identities, which contain fewer deltas, 

r-^fa, a. + ' . . . S''" + \ = 0. (6) 

[ai...ak ak + i ak + 2 a„+i] \ ' 

Such identities would only involve the antisymmetric part of T with respect to 
the explicit indices. However, when T itself is antisymmetric in these indices, 
equation ^ will give us an identity with fewer deltas than but without 
losing any part of T. 

The arguments work equally well for (fc, ^)-forms. Hence, 

rpA [f)i...6i/rbfc+i ^&fc+2 — n (7) 

when I > k. 

These ideas have been thoroughly investigated, and the next theorem is due 

to 13. 

Theorem 2.1 In an n-dimensional space let T-^ai...aJ'^"'^^ — T-^[ai...ak]^''^"''"^ 
be trace-free on its explicit indices. Then 

where d + k + l>n + l and d > 0. o 
Proof Antisymmetrizing over fc + Z + c?>n + l indices, we have 

n — T-^r ii.-.iiSjbi + i xbi + d xbl Sjbi (q\ 

'J - ^ [ai...afc "ofc + i •■•Oafc + rfO-^ ...O-^j ) 

Since T is trace-free on explicit indices, this reduces to 

— T-^r ii---iix[bi + i A^'+<i A*"! A^'l fin 

The theorem follows by absorbing the deltas. o 

Since we will restrict our discussions to (2, 2)-forms in four dimensions. Theorem 
12 .11 will not be exploited to its full extent. In this special case, we have 

Corollary 2.2 Let U'^''cd be a trace-free (2,2)-form. In four dimensions, 

C/f"'[cd<5yJ = 0. (12) 

o 
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We will now derive three identities, which we will use frequently throughout 
the rest of this paper. They are all simple but elegant consequences of Corollary 
12.21 The most compact presentation of each of these identities is for trace-free 
forms; but as will be seen, alternative presentations are possible without the 
trace-free condition. 

Our first result is one of the identities considered by Lovelock ^21 ■ We give 
the proof in detail since it illustrates the basic idea. 

Theorem 2.3 Let U'^''cd be a trace-free (2,2)-form. In four dimensions 

U^\dU"'yb = i<5^C/'^^dC/^'*afc (13) 

o 



Proof By Corollarv l2.2l we have 

U^'^'icdS;] - 0. (14) 

Expanding the left hand side gives 36 terms. Using the antisymmetries of U, 
this is reduced by a factor 4 to 9 terms: 

= U^\jdS^ + U^\yS2 + U''%dS', + U''%yS'^- 

+U^''cdSl. (15) 
Multiplication by U'^'^ab and using the trace-free property yields 

-W^\dU^\b + SlV^KdU^^b = 0. (16) 



o 



Note that if equation (fTHl is multiplied by Uab'^'^ instead, we get 

u^KdUyb^'' = -^siu^KdUab'". (17) 

If Uabcd is also block symmetric, then ()17(l will of course be equal to l|13|l . 

Now, suppose that Uabcd is the trace-free part of some (2,2)-form Uabcd, and 
defined by the equation 

2 2 

Uabcd = Uabcd - [n-2) (-9° ''I ^ " 5b[cUd]a) + („_2)(n- i^ ^3a[cgd]b (18) 

where Uab = U'^afeb and U — U'^fe. We may then substitute Uabcd for l(TF|l in 
(|13|l . and we have 

Corollary 2.4 In four dimensions 

U^^dU^'^j.b + U U% - 2U^U% - 2U^%dU'*b = (19) 

(U'^^dU^'^ab + U U - 4U^<iU'^b) 

for any (2,2)-form U"''cd- O 
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If in addition, the tensor is block symmetric, we are able to derive 

Theorem 2.5 Let Vabcd be a trace-free, block symmetric (2,2)-form. In four 
dimensions 

V^cdV^^y = ]s^yV\adV'^\ (20) 



The proof is completely analogous to that of Theorem l2.3l and therefore omitted. 
The result may also be found with slightly more work by considering the identity 

V^\tcdS;]Va'''' = 0, (21) 

which holds by Theorem 12. II 

In the same way as for Theorem 12. 31 we may think of Vabcd as the trace- free 
part of a block symmetric (2,2)-form \/abcd- We have 

Corollary 2.6 For any block symmetric (2,2)-form \/abcd, 

yabc^y^'^'v - V"aV% - VybV'c + ^V%V = (22) 
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This relation will prove to be useful in Sectional 

The next lemma is a bit different; it is concerned with an expression with 
four free indices. 

Lemma 2.7 (Index switch) Let Uabcd be a trace-free (2,2)-form. In four di- 
mensions 



1 



r'%.--/^5fu''\dU'''ab (23) 



o 



Proof Consider the identity 

U^'"\cd5p'''zb = Q. (24) 
Expansion and use of equation (|13|l gives 

= -\5l5':U''\dU^\b + \5'^5lU''\dU^\b- 

-U^\dU'\. + 2U''^cvU^%b - 2U''\yU^%b, (25) 
which is 1231. o 
Note that relation (|23|l may be put in the form 

U^'^yU^^^b = U^^yU^^^b + \u^\dU'\.. - -^S^SfU^KdU^^ab- (26) 

Hence it may be interpreted as a switch of the abstract indices w and x. 

This lemma will be an invaluable tool in proving Lemma lt).2l which in turn, 
is essential in showing one of our main results, Theorem 17. 21 
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3 Chains of trace-free (2,2)-forms 



There are some very highly structured product constructions for (2, 2)-forms. 
We win caU them chains because of the way the tensors are hnked to each 
other. We will call the number of participating tensors in a chain the chains 
length . 

Definition 3.1 (Chain of the zeroth kind) An expression of the form 

rpWX rpC\d\ rpC2d2 'T^C-m — 2<im — 2 ^Cm — ldm—\ 

^ cirfi-t C2d2^ csds ' ' ' Cm-id^-x-L yz \^') 



where indices w, x, y and z are free, is said to be a chain of the zeroth kind 
of length m and is written T[m]"'^j,2. o 

Theorem 3.2 Let U"'''cd be a trace-free (2,2)-form. In four dimensions 

U[mr\b = \5lU[mT\b (28) 



Proof The proof is by induction over the number of factors. We know that the 
case m = 2 is true by equation Assume that H28(l holds for m = fc — 1 > 2. 
Consider the identity 

U^^\,^5';\u[k-ir\,^0. (29) 

Expansion gives, 

= U''\d5ZU[k-\r\b+ (30) 

" 

+ (C/^%d<^? + U^^'cyS^d + U'^^dSl + U''\y5\)U[k - ir^ab + 

+(-C/"'crf<5^ - U-^'^d^l - U''\d5Z - U''\y5^d)U[k - ir^ab 

After renaming dummy indices we are left with 

dlV'KdUlk ~ = 4U^\dU[k - ir%b - ^U^%dU[k ~ ir^cb (31) 

However, the last term of equation H31|l vanishes since, 

U^%dU[k - ir^'cb = U^%dStU[k - l]™ca - (32) 

The first equality of H32|) holds by the induction hypothesis, and the second one 
follows from the trace-free property. Thus we are left with 



S^yU'^'cdUlk -ir^ ab = AU'^'.dUlk-ir^b (33) 



which is f^ . 
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Definition 3.3 (Chain of the first kind) An expression of the form 

rpWCi rpdiC2 7^C?2C3 T^C? m - 2 - 1 rpd^ri-lX ( 'XA\ 

^ ^ ^ 

where indices w,x,y and z are free, is said to be a chain of the first kind of 
length m, and is written T[m]^^yz. o 

Note that when T is a (2, 2)-form U, we see directly from the definition that 

U[mr\. = Ulmf^.y (35) 

Theorem 3.4 Let U'^'^cd be a trace-free (2,2)-form. In four dimensions 

U[mf\y = \5lU[mr\a (36) 



Proof The proof is similar to the proof of Theorem l3.2l with only slight mod- 
ifications. From p3|) we know that (|36|) holds in the case m = 2. Assume that 
it holds for TO = fc — 1 > 2, and consider the identity 

t/["^[,d<5^J?7[TO-l]'^=6, -0. (37) 

Expanding this relation gives 

= U''\d5mk~l\''\a+ (38) 



+{-U''\d5l - U'^^dSl - U'^'ydS: - V'KyS^^W^lk - lY%a 

We see directly that two of the terms on the second row disappear because of 
the trace-free property. If we rewrite the rest of the terms, using property H35fl 
and renaming dummy indices, we have 

S^U^'^dUik - If^a = 4U^\dU[k - If^y - 2U^\yU[k ~ If'db (39) 
The last term of equation H39() vanishes since, 

U^\yU[k - If'db = U^'cyS'tU[k - ir^'da = (40) 

The first equality of (|40|l holds by the induction hypothesis, the second one 
follows from the trace-free property. Therefore we are left with 

S^yU''\dU[k ~ if^a = iU^'cdUik ~ if^y (41) 
^1 1 

and the proof is finished. o 

Next we are concerned with one kind of broken chain structure. It is a chain of 
the zeroth kind, but it includes an element that destroys the ordinary regularity. 

Theorem 3.5 In four dimensions, with k > and I > 0, 

U[krcdU'%fU[m]f\y = ^S^yU[kr,dU'^fU[mY\, (42) 
for all trace-free (2,2)-forms U . o 
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Proof Expansion of the identity 

U[krfabU^''''[cdSiu[m]-''ye = (43) 

''JO 

yields 

= U[k + m + lffyf-2U[kffbfU[m+l]''%e- 

-2U[k + IfUfUH'^e - 4U[kffabU'''fdU[m]''\y (44) 

The first three terms are chains of the zeroth kind, and products of chains of 
the zeroth kind. Thus, by Theorem 13.21 we have 

Uikr^abU'^fdUimrey = ^S^yU[k + m+ - 

-^'5^C([fc]"^a/t/[m + ir,, - j^5^yU[k + irfafUimr^e (45) 

Taking the trace of equation and multiphcation by j6y gives 

Id^yUikr^abU'^fdUimre, = ^S;U[k + m + l^f - 

-^S^yUikr^afUim + ir,, ~ y>lU\k + \rf^iU\mf^ae (46) 
and the theorem follows. o 

The proof immediately gives us a relation between this more complicated ex- 
pression and chains of the zeroth kind. 

Corollary 3.6 In four dimensions 

Ulkr^abU'^fdUimrey = j^6^y (c/[fc + m + 1]"^^/- 

-lu[kr^afU[m + ir^e - lu[k + irf.fU[mr,?j (4?) 



In Section El we will explicitly use the special case of Theorem 13.51 when k = 1 
and m = 2. We therefore give this result as a separate corollary. 

Corollary 3.7 In four dimensions 

o 



4 Chains of trace-free block symmetric (2,2)- 
forms 

What happens if the structures of the previous section are disturbed in some 
other way? Is it still possible to find identities? In order to investigate these 
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questions further we start by looking at a chain of the first kind. For simphcity 
we will carry out our arguments in the case when the chain is of length five, 
although the results are valid for chains of arbitrary length. 

T"'\dT''%fTfs,hT''%kT''^^. (49) 

Let g and h change places in the third T, we then have 

T^''ydT''%fTfhe'T''\kT''^,. (50) 

We shall call such a construction a twist. 

From now on, until the end of this section, we will only discuss trace-free 
(2,2)-forms enjoying the block symmetric property Vatcd = Vcdab- Since this 
class of tensors is a special case of those of the Section |3 any Vatcd will, of 
course, obey the results of that section. However, we are able to derive additional 
results, originating from the block symmetry. 

We immediately see that 

V^''ydV''^fVfhe'V'''gkV''^^z = ^/'"^d V^^fe/. . (51) 

Thus, twists may move freely along chains, and we may always assume that 
the twist is at the end of the chain. We shall write such a chain of length m 
as V[mY"^yz. A chain of length m that contains n < m twists, is denoted by 

ntl " 

Assume that we have a chain with two twists. Because of what we stated 
above we can further assume that they are on neighboring tensors. 

V^\dV''^fVfhe'V\g'V''^,, = V^''ydV'''bfVf''egVhk''V''^^z (52) 

By the block symmetry it is clear that the twists cancel. Hence, we have the 
following lemma. 

Lemma 4.1 (Tvifist reduction) Let Vabcd be a trace-free, block symmetric 
(2,2)-form. Then 

V H"%. - V[mr%, (53) 

ntl " tl " 

if the number of twists, n, are odd, and 

VWryz^VAmr^z (54) 

nil 1 

if the number of twists are even. o 

Hence, the number of twists reduce to either zero or one, depending on whether 
it is even or odd to start with. 



Theorem 4.2 In four dimensions. 



V[mr\y = -JlV[mf\a (55) 



ti' ' 4 "ti 

for any trace-free block symmetric (2,2)-form V . 
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Proof The proof is analogous to those of Theorem 13.21 and Theorem 13. 41 and 
we will therefore leave out some of the details. 

Equation H55() is true for m = 2 by Theorem 12.51 Assume it is true for 
m = fc — 1 > 2, and consider the identity 

V^''\,dS;]v[k - 2]*bfcy\,- - (56) 

Expansion and use of symmetries, trace properties, and induction hypothesis 
yields 

= V[k- irckV'a.'S-y - AV^\dV[k - 2Y\uV\,\ (57) 
which is the desired result. o 



5 Chains of Weyl candidates. 

As we pointed out at the beginning of Section |21 Weyl candidates are special 
cases of block symmetric (2,2)-forms, and will therefore obey all the results of 
both Section 131 and Section 0] But, since Weyl candidates also possess the first 
Bianchi identity, Wa[fccti] = 0, we are able to derive an additional result. In order 
to do so, we turn our attention to a variant of chains of the zeroth kind. 

Let us, in analogy with the previous section, study a chain of the zeroth kind 
of length five. 

T'^''cdT^\sT^^ghT<^'\kT'\. (58) 
Now, twist / and h in the middle factor, 

T^\dT^\fT\gfTa^,uT'\, (59) 

We note that this may be rewritten as, 

rwx rpcd rpe f ^gh rpik 

_rpWX rpcd rpe f rphg rpik _rpWX rpcd rpe f , rpgh rpik /^.r)\ 

J- cd^ e/J- hg J- ik-^ yz — ^ cd^ ef g h-^ ik-^ yz J 

Evidently, twists gives rise to elements that break the structure in this case 
as well. Chains of the zeroth kind containing such elements are denoted by 

to " 

Lemma 5.1 For any Weyl candidate Wabcd 

Wa^^Wef"" = ^Wab'fWef'" (61) 

O 

Proof By the first Bianchi identity we have 

Wab'f = {Wa'b^ - Wjb') = 2Wj\fl (62) 

And hence 

Wa'b^Wef''' = Wa^^W^.ff = Wj^^^Wef'" = ^Wab'^Wef'" (63) 

O 
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Theorem 5.2 For chains of the zeroth kind of any Weyl candidate Waked of 
length m, with n < m number of twists 



1 



The proof is immediate from Lemma l5. II 
Corollary 5.3 

„ToH^^ = i:^^.TH'^''^'' (65) 
for chains of Weyl candidates Waked with n < m number of twists. o 



6 Quart ic identities 

In this section we will break the chain structures of Section |21 even further. 
However, we will specialize our discussion to chains of length four. 
Consider an expression of a block symmetric double 2-form 

V^%fV^LbV\gHV^\\ (66) 

This would be a chain of the zeroth kind if b and c changed places in the last 
two factors. In order to make the next theorem slightly more general, we will 
rearrange this expression. Using the block symmetries, we have 

V'-^'efV^fakV^ghV^^' = V^'efVak'^V\ghVy'^'' (67) 

Lemma 6.1 In four dimensions 

U''%fUab''^U\ghUy''^'' - Is^yU^^fUak'^U^ghUd"'" (68) 
for all trace-free (2,2)-forms Uabcd- o 



Proof The main idea is to let a product of two trace-free (2,2)-forms substitute 
for V in equation (|^ . Put 

\/abcd = Uak'^Ucdef (69) 

Since C/ is a (2,2)-form so is V. In addition V has the block symmetry as well. 
For the trace of V we have by equation H17|) 

ya\d = Ua'^^Ubdef = ^gadU^"^ Ukcef = ^5adV^\c (70) 

We may now consider relation H22I) . However, by virtue of H7UI) this simplifies 
to 

= -Vak/y'^'dS^ + Wafc.-V'^^^ (71) 

or equivalently 

y^aky^'y" = Is^yy^aky^'d' (72) 
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Hence, 

as required. O 

For completeness we note that the following substitutions are also possible in 
(|22|l . They are all block symmetric and the trace has the property (|70|l . 

y-",, = v'^^J^,v'^^d]^ (74) 

yab^^ = Vj^^^'^.V"^^ a]^ (75) 

y'^'cd = V,>[,V/^''^ (76) 
V'-ed - ;7,['^/lC/'[,^,] (77) 

The first two yield identical expansions; they may with some effort, and together 
with Lemma 12.71 be used to derive Lemma l6.ll The last two merely reproduce 
Lemma Is. II in a more indirect way. Hence nothing new can be found from any 
of these. 

Lemma 6.2 Let Waked be a Weyl candidate. In four dimensions 

o 

Proof We note that expression (|78|l would be a chain of the first kind of 
length four if c and e in the last two factors were interchanged. Start with the 
left-hand-side, 

W^''cdW''''bfW^W''egv= (79) 

Bianchi 

= -M^^'cdW^'^'b/ Wf\<^W''egy -W^KdW^f W^h'^W'^egv = (80) 
lem. 

= -'\w''\dW''\fWf%hW'''ey + (81) 

= -\w''\dW''\fWf%hW'''ey + W''\dW''JWO\fW''''yg + (82) 
+ \w''\dW^W''%hW3'' fy - \w\,dW'''\W'^ uW^^, = 

Bianchi 

= -^W'"'' cdW^fW^^KW^'^ ,y + WKdW^JW'^ fhW'^y - (83) 

-\ w^'cdW\f, W^%hWs''fy - \w'\dW''KbW^%hW^'' sy - 

lem. 15.11 
-^^\edW''^\W''\lW''\, = 

(84) 
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= - W^\dW'''bfWf%hWa''ey + W'^KdW^JW'a fhW'^y (85) 
[era. 

Taking the trace of H86() and multiplying by ^5y gives the lemma. o 

It is worth noting that this result may also be found in a slightly different way. 
By using only the block- and antisymmetries of a Weyl candidate, together with 
Lemma |2 . 71 several times, we have 

W^\dW''%fWf3\W''egy = (87) 

The lemma now follows by use of Theorem 12. 31 14.21 16. ll together with Corollary 
l5.3l on the right-hand-side. This method requires the Binachi identity only in the 
final step (through Corollary 15. 3|l . Therefore, it seems likely that it is possible 
to generalize Lemma 16.21 to trace- free block symmetric double 2-forms. 

It is of course possible to break the chain structures in other ways, and move 
towards more and more general expressions. It may also be possible to derive 
identities for such structures, letting new results build on previous ones. We 
shall however not pursue this work here, since our results are sufficient for our 
purposes in Section d 



7 Applications 

Definition 7.1 (The Bel-Robinson tensor) The Bel-Robinson tensor in 

n dimensions can be defined by 

Tabcd = C aecfC}f^ d^ + CaedfCb'^ J — —gabCefcgC^^d^ ~ '^9 cdC aef gC b^^ ^ 

+ l9ab9cdCefghC''^"' (88) 

o 



where Cabcd denotes the Weyl tensor. The Bel- Robinson tensor is the super- 
energy tensor for the Weyl tensor It is of interest not only in four di- 
mensional general relativity, but has found applications in, among other places, 
eleven dimensional super-gravity theories [S]. 
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It is easy to confirm, using dimensionally dependent identities, that the Bel- 
Robinson tensor is trace-free in four dimensions |14| , and completely symmetric 
in, and only in, four and five dimensions [7lll4|. Hence, in four dimensions 

%ibcd — T(^abcd) T'' kcd — (89) 

We are now ready to state one of our main results. This, has been known for 
some time in the special case when the metric has a Lorentzian signature. It was 
first derived by Debever |S] using principal null directions, and later by Penrose 
[T5| using spinor methods. To our knowledge there does not seem to be a proof 
for spaces with metrics of arbitrary signature. However, using dimensionally 
dependent identities, we are able to go beyond this special case and give a proof 
for metrics of any signature in four dimensions. 

Theorem 7.2 In four dimensions 

rabcyr^''^ = \s;%bcdr^'""' m 



Proof Simple substitution yields, 

/T- ^abcx jl.A^'T" f-rabcd 

abcy ^^y-^abcd-^ — 

r,^a;6 ,r~ide f-<fg f-<hc . r^^xb rfde ^r~ifgc f-<h 

cd'-' b/L- e^L/ gy -f- ZLy cd'^ bf-^ h'-^ egy ~ 

c\/^ab r^cd x gh /^xb /^cd r^ef /^gh i 

— '^'^ cd'^ eb'^ gh L'a y ~ cd'^ eb'^ gh'-^ yf t~ 

1^/^ /^abcd/^ex /^gh i ^ ^x ^^ab /^cd /^ef r^gh 
'T — '^abcd'-^ gh'-^ ey T~ ^ y '^'^ 9^ 

■ / f^abcd/^ f^efgh 

~T6 '^fg^ ~ 

— -X^for"''^ jr"^'^,j:Cf9 , r<hc , r,^ab ,r<de r~ifgc r~ih _ 

ga + ^'^ cd'^ bf'^ h'^ ega 

rt/^ab i^cd /^ef i^qh i ^ /^abcd/^ /^efqh\ /ni \ 

— ZU cd<~^ e&O gh<~^ af + ^^abed^ ^efgh^^ j- [^^) 

Using Theorem 12 . HI several times on the right-hand-side, this simplifies to 

i-f rj-abex ^ ^xrj- /-pabed 
J-abcyJ- — -^y J- abed J- = 

npxb ,ride r-ifg /-^hc , nfyxb ,r<de /^fgc /-yh _ 
^"-^ cd'-' bf^ e/iL' gy ^ ^L' cdL' fc/L' h'^ egy 

--^51 {2C''\aC''%fCfaehC''%a + 2C''\aC''\fCfa%&\ga) . (92) 

The first term and the third term cancel by Theorem 13.41 and the second and 
the fourth term cancel by Lemma [6.21 and the theorem follows. o 

Since we have used only the algebraic properties, it is obvious that the theorem 
is true not just for the Weyl tensor, but any Weyl candidate. 

We have noted above that Tabcd is completely symmetric in five as well as 
in four dimensions. So, a natural question to arise is whether a similar identity 
exists in a five dimensional space or not? One can show however, that this 
question is answered in the negative 
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In the next application we turn our attention to the super-energy tensor of 
the Riemann tensor, also known as the Bel tensor. It may be defined in complete 
analogy with equation 188|l by exchanging Cabcd for Rabcd CH- The Bel tensor 
may be decomposed into four parts, 

Babcd — Tabcd + Q abed ^~ Qahcd + £abcd (93) 

where Tabcd is the Bel-Robinson tensor. We will address Qabcd and Qabcd shortly. 
£abcd is a fairly complicated expression including products of the metric and the 
trace-free Ricci tensor. We will not discuss this tensor further, but we note that 
in four dimensions, it satisfies |Sj the relation 

SabcyS'^^''' = \5lEabcdS'''''^ (94) 

In four dimensions 01 |S] , 

R 

Qabcd — {Cacbd + Cadbc) (95) 
Gabcd = {'^9a(c9d)b - 9abgcd) (96) 

where R denotes the Ricci scalar. They are both easily shown |S] to satisfy a 
relation analogous to (|94|l . 

From a physical point of view it is reasonable to group the last two terms of 
equation H93|l together, as done by Bonilla and Senovilla 0, 

Babcd — + Mabcd (97) 

The structure of the spinor formulation of the Bel tensor however, sug- 
gests another way of grouping the terms of equation (|93|l . 

^abcd — Xabcd + ^abcd (98) 

and hence, 

Xabcd = Tbcd + Qabcd + Gabcd- (99) 

Since Sabcd satisfies ()94|) . it is natural to ask whether there is a similar relation 
for Xabcd or not. As our next theorem shows, this is indeed the case. 



Theorem 7.3 In four dimensions 

'Y'abcx f v' 'Y'abcd /i ^^^ 

^abcy^ — -^OyA:abcd^ U^Uj 



Proof 



'^abcy^ — (Tabcy Qabcy ^ Qabcy^ (T 

Trrabcx i /-\abcx i p pabcx 

abcy i ^abcy=i^ ~r b/a6cyb/ 

~^Tbcy Q ^' QabcyT 



bcx 



ga 



hex 



Qahcx^ 



~abcx 



(101) 
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The cross-terms with Qabcd vanishes since Gabcd is essentiaUy the metric, and 
Tabcd and Qabcd are trace-free. For the last term, we have 

QabcyT'''^-' = (102) 

^ f r^ixb ^ide fc ^xb ^de /^fc , ^ ^xb ^ y-icdef 

— I cdL^ bf'^e V ~ ^ cd'^ bf'^ ey + ^ cy^bdef'^ 

The first term is a twisted chain of the zeroth kind, and hence we may use 
CoroUarv 15.31 The second term is a chain of the first kind and Theorem 13.41 
may be apphed. The third term vanishes by Theorem 12.31 and the trace-free 
property of Cabcd- Hence, 

Q,,,yT'^^^- = l<5,-i? (^-^C[3]-ae - CW\b^ = -^SlQabcdr'^''". (103) 

A similar argumet holds for the penultimate term of H101|l . Therefore, by virtue 
of Theorem l7.2l and analogous properites of Qabcd and Qabcd, we have 

-y -yabcx 



^ ^x ( rr r-fabcd I r\ r^abcd , r> /-tabcd , o/O rrabcdX 
-rOy [Jabcd-l + 'si abed 'si + Vabcdy +^y,abcd-l ) 



1 

as desired. 



-S^yXabcdX'^"'^ (104) 



It is also possible to derive a quadratic identity for the full Bel tensor. It has a 
slightly different structure however, and is in a sense trivial 

8 Summary and discussion 

Our main results, besides Theorem 17.21 and Theorem 17.31 have been the chain 
identities 



U[mr\b = 


Is^yUimr'ab 


(105) 


U[mr\y = 


\s^yU[mrba 


(106) 


V[mr\y = 


IsyVi^r^'^ 


(107) 


Wlmry. = 

ntO 




(108) 



where C/ is a trace-free (2,2)-form, V in addition enjoys block symmetry, and 
is a Weyl candidate. We have also seen that the chain structures may be 
broken in different ways, and that it is possible to find identities for the resulting 
structures. 

There are several possible directions to pursue with those chain-like struc- 
tures. One way is to stay with four index tensors in a four dimensional space, 
and investigate more and more broken structures. This sort of work may be use- 
ful in the study of relations between scalar invariants of, e.g., the Weyl tensor 

unni. 
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Another direction is to start working with tensors that are not trace- free, and 
examine what the identities look hke for those. Such calculations are expected 
to be lengthy and proper computer tools will be invaluable. 

Yet another direction is to increase the number of dimensions and the number 
of indices of the participating tensors. This prospect looks promising in that 
Lovelock proved El a set of identities of the form, 

oai... ajTi—ix obi... 

^ b\... a\... ajri-iy — 

'^"•fc,... t^S'^- "-ai... a„ (109) 

where is a trace-free (m,m)-form in an n — 2m dimensional space. 

It therefore seems very likely that there exist chain identities in higher di- 
mensions for tensors with more indices in direct analogy with the relations found 
in Section 131 However, it will be possible to form more than just two kinds of 
chains. 

Suppose, for instance, that n — 6. Then we are able to form three different 
kinds of chains, 

qxbici c/ieiC2 c/2e2C3 qek-ifk-ldi (^^^\ 

^ diei/itJ £162/2'^ £263/3 ■•• Ck-ibiy I-'--'--'-; 

qxbici qfib2C2 , . qf2b3C3 , ^ qfk-ieidi (TTO\ 

^ diei/iL? cibif2^ C262/3 ■ ■ • bk-iCk-iV 1-'--'-^^ 

It may even be possible to find analogies to the twisted or more broken chain 
structures of Sections 21 f^nd [SI in particular if we consider tensors with extra 
symmetries, e.g., block symmetry or the Bianchi like property Sab[cdef] ~ 0- 
However, such possibilities needs further investigation. 
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